We analyse subleading electroweak effects in the top anti-top resonance production region in e + e − collisions which arise due to the decay of the top and anti-top quarks into the W + W − bb final state. These are NLO corrections adopting the nonrelativistic power counting v ∼ α s ∼ √ α EW . In contrast to the QCD corrections which have been calculated (almost) up to NNNLO, the parametrically larger NLO electroweak contributions have not been completely known so far, but are mandatory for the required accuracy at a future linear collider. The missing parts of these NLO contributions arise from matching coefficients of non-resonant productiondecay operators in unstable-particle effective theory which correspond to off-shell top production and decay and other non-resonant irreducible background processes to tt production. We consider the total cross section of the e + e − → W + W − bb process and additionally implement cuts on the invariant masses of the W + b and W −b pairs.
Introduction
The top quark is currently known from direct production at the Fermilab Tevatron to weigh m t = 173.1 ± 0.6 (stat.) ± 1.1 (syst.) GeV [1] , and an increase in precision to about 1 GeV is expected soon from the Large Hadron Collider (LHC). From a threshold scan of the e + e − → tt cross section at the planned International Linear Collider (ILC), however, a precision of 30 MeV can be achieved experimentally [2] . Aside from determining a fundamental parameter of the Standard Model, accurate top-mass measurements constrain the quantum fluctuations from non-standard interactions in electroweak precision measurements. Other characteristics of the top quark such as its width and Yukawa coupling provide information about its coupling to other particles and the mechanism of electroweak symmetry breaking. For these reasons (and perhaps also because it represents the cleanest non-relativistic system bound by the colour force) top-quark pair production near threshold in e + e − annihilation has been thoroughly investigated following the non-relativistic approach of [3, 4, 5] , which treats the leading colour-Coulomb force exactly to all orders in perturbation theory. In this framework, where the strong coupling α s is of the same order as v, the small relative velocity of the top and anti-top, next-to-next-to-leading order (NNLO) corrections have been available for some time [6, 7, 8, 9, 10, 11, 12] , next-to-leading and some higher-order logarithms of v have been summed to all orders [13, 14, 15, 16] , and the third-order (NNNLO) cross section is now known almost completely [17, 18, 19] , which requires input from three-loop matching coefficients [20] , potentials [21, 22, 23, 24, 25] , and third-order S-wave energy levels and residues [17, 26, 27, 28] . The full NNNLO result should finally clarify the question whether the QCD corrections can be calculated with the required precision.
Here we focus on a different issue, non-resonant production of the physical final state after top decay, which though known for some time (see, e.g., the discussion in [29] ) has been left aside up to now. The top quark is unstable with a significant width Γ t of about 1.5 GeV due to the electroweak interaction. The width is essential in threshold production, since it prevents the top and anti-top from forming a bound state [30] and causes a broad resonance structure in the energy dependence of the cross section on top of the increase due to the opening-up of the two-particle phase space. However, once the top width is included, due to top decay, the physical final state is W + W − bb -at least if we neglect the decay of top into strange and down quarks, as justified by V tb ≈ 1, and consider W bosons as stable, which we may assume for the purpose of discussion in the present paper. The W + W − bb final state can be reached through non-resonant top production or background processes containing no or only single top quarks. Both effects are not included in the non-relativistic treatment. Adopting a standard counting scheme where α EW ∼ α 2 s , we find that the leading non-resonant and off-shell effects are next-to-leading order (NLO) for the total cross section, since there is an additional power of α EW but no phase-space suppression, hence the relative correction is α EW /v ∼ α s . We note that some of the higher-order NNLO corrections due to the finite top width have already been calculated in [31] .
In this paper we calculate the complete NLO "electroweak" contributions to the e + e − → W + W − bb process in the tt resonance region, for the total cross section as well as including invariant-mass cuts on the W b pairs. The calculation is performed with unstable-particle effective field theory [32, 33] , which provides the framework for consistently including resonant and non-resonant effects while maintaining an expansion in the small parameters of the problem. There are many similarities with W -pair production considered in [34, 35] , though the top-quark case is technically more complicated due to the presence of a massive particle (the W boson) in top decay. We note that an alternative approach has been developed in parallel [36, 37] that includes the effects of invariant-mass cuts on the W b pairs entirely through calculations in non-relativistic effective theory. This works if the invariant-mass cuts around m t are neither very loose nor very tight, and provided that the non-resonant background processes are small, which must be checked by other means. The present approach removes both these restrictions and can be used in particular for the total cross section. We shall see that when both approaches are applicable, they agree well for top-quark production.
There is an interesting conceptual issue concerning the pure QCD calculation of the tt cross section. It exhibits an uncanceled ultraviolet divergence (here regularized dimensionally)
at NNLO, which arises from the logarithmic overall divergence in the two-loop nonrelativistic correlation function, whose imaginary part gives the cross section. The overall divergence is polynomial in the non-relativistic energy E of the top quarks, but contributes to the cross section, since the correlation function is evaluated at complex values E → E + iΓ t . As discussed in [19] this divergence cancels with an infrared divergence that appears in the non-resonant term in unstable-particle effective theory from the diagram corresponding to off-shell top-quark decay. The lesson from this is that the pure QCD result alone that is usually shown in the literature is inconsistent theoretically and must be embedded in the systematic calculation of the e + e − → W + W − bb process. In the present paper, however, we are concerned with NLO accuracy, where no explicit divergence arises in dimensional regularization. But the problem at NLO is in fact worse. Inspection of the one-loop non-relativistic correlation function shows that it is linearly ultraviolet divergent, or more generally exhibits a cut-off dependence of the NLO order, just as the non-resonant contribution that we calculate below has a linear infrared divergence. Both require regularization and as usual dimensional regularization yields finite (but regularization-dependent) values in four dimensions for linearly divergent integrals. The conclusion is that the non-resonant NLO contribution that we consider here is mandatory to obtain a regularization-independent result for top anti-top production, more precisely W + W − bb production in the tt threshold region, at NLO. The outline of the paper is as follows. In Section 2 we briefly review unstableparticle effective theory. We list the terms that contribute at NLO to the e + e − → W + W − bb process, when counting α s ∼ √ α EW ∼ v, and explain that the non-resonant electroweak contribution is obtained from the e + e − → t W −b amplitude and its chargeconjugate with the top-quark width set to zero. The computation is described and the results are summarized in Section 3 and Appendix A. In Section 4 we discuss the implementation of invariant-mass cuts in the effective-theory calculation and validate our result by comparing it to the Born cross section for the e + e − → W + W − bb process computed numerically with MadGraph/MadEvent. Finally, in Section 5 we combine the new non-resonant contributions with the resummed leading-order QCD result and the electromagnetic correction due to the electromagnetic Coulomb potential, which constitutes another electroweak NLO effect, and discuss the top anti-top line-shape as seen in the energy-dependence of the physical W + W − bb final state compared to the pure QCD calculation of tt production. We conclude in Section 6.
2 Method of calculation 2.1 Unstable-particle effective theory for pair production near threshold
The cross section for the e + e − → W + W − bb process (inclusive but also in the case where we allow for cuts in the invariant masses of the W + b and W −b subsystems) is obtained from the W + bW −b cuts of the e + e − forward-scattering amplitude. In the energy region √ s ≈ 2m t close to the top anti-top production threshold, the amplitude is dominated by the production of resonant top quarks with small virtuality. This allows us to integrate out hard modes with scale m t and represent the forward-scattering amplitude as the sum of two terms [32, 33] ,
In the subsequent discussion of top-quark pair production near threshold we follow closely the formalism described in [34] for four-fermion production in e + e − collisions in the energy region of the W -pair production threshold, and refer to that paper for further details on the method.
The matrix elements in (2) are evaluated in the "low-energy" effective theory, which includes elements of soft-collinear and non-relativistic effective theory. The first term on the right-hand side of (2) describes the production of a resonant tt pair in terms of production (decay) operators O (l)
The second term accounts for the remaining non-resonant contributions. Note that there is no separate term for the production of one resonant and one off-shell top [34, 37] , since such configurations are not sensitive to the particular low-energy dynamics that develops at the pair-production threshold. They are effectively short-distance and included in the coefficient functions C The standard pure QCD calculation of top-pair production near threshold is entirely contained in the resonant term. In this paper we are mainly concerned with the calculation of the leading contribution to C (k) 4e , which represents an NLO correction to the forward-scattering amplitude A, since the first term in (2) is of order α 2 EW v, while the second is O(α 3 EW ). Nevertheless, for comparison and to discuss other NLO non-QCD effects, we briefly summarize the expressions relevant to the leading-order resonant term. There are only two production operators at this order,
where ψ t (χ t ) denotes the non-relativistic top (anti-top) field, e c a collinear electron field with large, light-like momentum in a direction labelled by c, and γ i = −γ i . We drop the Wilson lines required to make the operators gauge-invariant, since they do not contribute to our calculation. The tree-level coefficient functions of these operators are computed from the tree-level amplitude of the process e + e − → tt at production threshold √ s = 2m t and are given by (keeping the full s-dependence in the photon and Z propagators)
Here γ E is the Euler-Mascheroni constant, µ the scale introduced in dimensional regularization, and ψ the Euler psi-function. (The dependence on µ and the regularization drops out in Im G 
where Γ 1 , Γ 2 are Dirac matrices. The calculation of the short-distance coefficients
is performed in standard fixed-order perturbation theory in the full electroweak theory.
In particular, the top propagator is the free propagator not including the top width, which ensures that the amplitude depends only on the short-distance scales. Self-energy insertions are treated perturbatively and are not resummed into the propagators. The leading contribution to the forward-scattering amplitude arises from the one-loop diagrams with two top propagators. Just as in the case of W -boson pair production [34] the imaginary part of these diagrams vanishes in dimensional regularization to all orders in the expansion in E = √ s − 2m t in the hard region. Thus the leading imaginary parts of C 
It is convenient not to calculate the C (k) 4e separately, but directly the sum (9) when one considers the unpolarized cross section. Technically, this simply amounts to the calculation of the spin-averaged tree-level processes e + e − → tW −b and e + e − →tW + b with no width supplied to the intermediate top-quark propagators. Instead, the divergence from the top-quark propagators going on-shell is regularized dimensionally.
NLO corrections related to the top-quark instability and electroweak interactions
In the following we list the NLO corrections to the e + e − → W + W − bb process in the top anti-top resonance region √ s ≈ 2m t . We do not discuss in this paper the pure QCD NLO corrections consisting of the one-loop QCD correction to the γ * (Z) tt vertex and the one-loop correction to the QCD Coulomb potential, since they are standard and included in the pure QCD calculations in the literature. Instead we focus on NLO corrections which arise once we consider the W + W − bb final state (as required by the top instability), and other electroweak effects:
• The single insertion of the (leading-order) electromagnetic Coulomb interaction instead of the colour Coulomb interaction is an NLO effect, since α/α s ∼ α s . This is trivially accounted for, including some higher-order terms, by replacing
• The one-loop QCD correction to the on-shell top width [39] is also trivially included by using the one-loop corrected expression for Γ t in the variable E ≡ E + iΓ t in (7). We do not discuss this effect further in this paper, however, since in the pure QCD calculation the top width is considered as an adjustable input parameter, and thus may be thought of as representing the one-loop corrected expression.
• Corrections coming from gluon exchange involving the bottom quarks in the final state (QCD interference effects) appear at NLO but vanish at NLO for the total cross section [40] . We show in Section 4 that they are parametrically suppressed in the presence of invariant-mass cuts, provided the cuts are loose in the sense defined below (see also [37] ). Since we focus on loose cuts in the final results, no calculation of interference effects is required.
• Non-resonant contributions start at NLO, as discussed above. They arise from the hard contributions to the Born cross section for e + e − → W + W − bb, which determine the matching coefficients of the four-electron production-decay operators. We calculate this contribution in Section 3.
We should note that any three-particle final state produced through the electroweak interaction in e + e − annihilation contributes at NLO (namely O(α − → W + W − Z with Z decaying to bb is less prominent, since the Z → bb branching fraction is only about 15%. We do not compute these additional three-particle processes in the present paper, since they are further suppressed when invariant-mass cuts in the top anti-top signal region are applied. Moreover, in a realistic analysis these contributions would be eliminated anyway by invariant-mass cuts on the resonance (Higgs or Z) decay products.
Computation of the four-electron matching coefficients at NLO
The four-electron matching coefficients C (k) 4e originate from the hard contributions of the e + e − forward-scattering amplitude. The hard momentum region expansion dictates that the top-quark self-energy insertions are treated perturbatively, since the top lines are formally far off-shell,
. Accordingly the calculation of the coefficients C (k) 4e is performed in fixed-order perturbation theory in the full electroweak theory with no resummation of self-energy insertions in the top-quark propagator [34] and supplemented with an expansion of the amplitudes in δ = s/(4m
The corresponding contributions to the imaginary part of the forward-scattering amplitude are then reproduced by those imaginary parts of the short-distance coefficients C (k) 4e which can be identified with the W + W − bb final state. The extraction of these imaginary parts is more conveniently performed by evaluating the relevant cuts of the hard e + e − forward-scattering diagrams directly. The leading contribution arises from the cut oneloop diagram with a top and anti-top propagator; however, the hard region of this diagram vanishes in dimensional regularization to all orders in the δ-expansion.
A non-zero imaginary contribution to the short-distance coefficients C (k) 4e arises, in the unitary gauge, from the cut two-loop diagrams shown in Figure 1 expanded near threshold (in δ = s/(4m 2 t ) − 1). Including cuts of the top lines is consistent with the expansion of the imaginary part of the resummed top-quark propagator in the hard region [34] 1 . The contribution to the W + W − bb cross section from diagrams h 1 -h 10 can be interpreted as thebW − pair originating from a nearly on-shell anti-top decay, while the bW + pair is produced non-resonantly, either from a highly virtual top (diagrams h 1 -h 4 ), or without an intermediate top as in the truly single-resonant diagrams h 5 -h 10 . The contributions from tbW − cuts, which are not displayed in Figure 1 , yield identical results, by virtue of CP -invariance. The calculation of the amplitudes in Figure 1 amounts to the calculation of the squared and phase-space integrated matrix element of the on-shell processes e + e − → t W −b and e + e − →t W + b in ordinary perturbation theory with no width added to top propagators and divergences regularized dimensionally for consistency with the calculation of the resonant contribution to (2) . The result is parametrically of order α Beyond the NLO non-resonant terms that we calculate in this paper, the NNLO contributions are given by the 3-loop cut diagrams containing the α s -corrections to the amplitudes of Figure 1 , while the next order in the δ-expansion of the two-loop diagrams contributes only at N 3 LO. It is also interesting to note that pure background diagrams, i.e. diagrams without any top lines, start to contribute to the imaginary parts of the short-distance coefficients C (k) 4e at N 3 LO through the W + W − bb cuts of pure EW 3-loop diagrams. An exception to this are the three-particle final states with resonant decay of one of the particles to W + W − bb with large branching fraction as discussed in the previous section.
Turning now to the calculation, it proves convenient to cast the contributions from diagrams h 1 -h 10 (at order δ 0 and for m b = 0) in the form
where we have introduced the variable 
The use of dimensional regularization within the threshold expansion thus provides a natural way to regularize the phase-space singularities in the hard region where the top propagators have no width. Dimensional regularization must be used for consistency, when the pure QCD calculation is performed with the dimensionally regularized nonrelativistic effective theory. In the calculation of the other diagrams h 2 -h 10 we can set d = 4, since they contain at most one internal top propagator leading to an integrable square-root endpoint singularity in (10) .
The result of the calculation can be written as
where the functions
retain the exact s-dependence from the photon and Z-boson propagators, and
is the tree-level top decay width obtained from t → bW + with the bottom-quark mass set to zero. The dimensionless functions At NLO we could put s = 4m 2 t in the C i (s) functions appearing in (14) and in the overall 1/s factor; keeping the exact energy dependence slightly improves the quality of the effective field theory (EFT) expansion. Since this energy dependence is mild compared to that of the resonant contributions within the range of energies relevant for the threshold region, the non-resonant contribution σ 
is accurate to a precision better than one per mille. The coefficients a, b, c are given in Table 1 . When the functions h X,fit i (x, x) are combined into the total non-resonant contribution σ
(1) non-res according to (13) , the precision of the quadratic fit compared to an exact (numerical) evaluation is better than 5 · 10 −5 for 160 GeV ≤ m t ≤ 180 GeV. Omitting the quadratic term in h X,fit i (x, x), i.e. setting the c-coefficients to zero, the precision of σ 
Invariant-mass cuts in the effective theory
The measurement of the tt threshold shape under realistic experimental conditions will require to apply cuts in the kinematic variables of the observed particles in order to select W + W − bb events. For a general treatment of such phase-space cuts the EFT framework will have to be modified, and the bottom-quark and W -boson degrees of freedom and eventually those of their decay products have to be included. However, cuts on kinematic variables that are not sensitive to the angular or momentum distributions of the top decay products, such as cuts on the invariant masses of the bW + andbW − subsystems, can be implemented in the unstable-particle effective-theory calculation, as discussed in [35, 36, 37] .
We consider symmetric cuts on the invariant masses of the top (M t ) and anti-top (Mt) decay products of the form or equivalently
with Λ 2 ∓ = 2m t ∆M t ∓ ∆M 2 t . Invariant-mass cuts on the top decay products translate to cuts on the momenta of the top (p t ) and anti-top (pt) circulating in the potential and hard loops of the e + e − forward-scattering amplitude. The cuts of the form (19) can be implemented by inserting a product of step-functions θ(
, and similarly for p 2 t , in the cut loop integral. In the effective theory the same step functions have to be introduced into the loops in the matrix elements of the resonant contributions, which reproduce the potential region of the full-theory diagrams. In the hard region, these step functions modify the calculation of the matching coefficients of the four-electron operators, which then become dependent on the invariant-mass cuts Λ 2 ∓ . At NLO this dependence enters explicitly through the lower limit in the integration that defines the h X i functions, see (10) , (16) . At this order, no dependence on the upper invariant-mass cut Λ The two limiting cases for the invariant-mass cut corresponding to a loose cut, Λ 2 ∓ ∼ m 2 t (corresponding to ∆M t ∼ m t ), and a tight cut, Λ 2 ∓ ∼ m t Γ t (corresponding to ∆M t ∼ Γ t ), yield particularly simple prescriptions for implementing invariant-mass cuts in unstable-particle effective theory, as it has been discussed in the context of W -pair production near threshold [35] . For tight cuts the matching coefficients of the fourelectron operators vanish because in the hard region we have |p , since the residual momentum r = (r 0 , r ) has the characteristic scaling of the potential region r ∼ (m t v 2 , m t v). The situation is reversed if we consider loose cuts. In this case the implementation of invariant-mass cuts on the loop integrals from the effective theory has no effect at the leading order because we can drop the momentum dependence from the step function following the assumption Λ It is interesting to compare the above procedure for the treatment of invariant-mass cuts in the unstable-particle effective theory with the phase-space matching approach introduced in the recent paper [37] . In the latter, the matching coefficients of the fourelectron operators (called phase-space matching conditions) are determined in the following way. First, cuts of the form (18) are introduced on the top and anti-top momenta in the NRQCD loop diagrams, the latter corresponding to the resonant contributions in (2) . Then the resulting cut loop integrals are expanded assuming that Λ 2 ≫ (m t v) 2 , m t Γ t , which is formally correct as long as Λ 2 ≪ m 2 t , since NRQCD describes the non-relativistic tt configurations and Λ 2 acts effectively as a cut on the non-relativistic momentum r 2 . The Λ-dependent terms that result from this expansion yield a series of the form
, with n, m = 0, 1 . . . . Powers of Λ 2 /m 2 t enter first from cut diagrams with NNLO relativistic corrections that come with a factor r 2 /m 2 t , and are a signal of the breakdown of the series for Λ ∼ m t . The whole computation is equivalent to the non-relativistic expansion of the full-theory squared matrix elements containing the double-resonant diagrams for e + e − → tt → W + W − bb and their interference with the diagrams for e + e − → W + W − bb having only either the top or the anti-top in intermediate stages. Contrary to the method presented in the present paper, the non-resonant contributions to the full-theory matrix element coming from the square of single-top and pure background diagrams (the so-called remainder contributions in [37] ) cannot be determined within the phase-space matching approach. The path taken by the authors of [37] is to compute the remainder contributions by comparing the NRQCD cross section with the relativistic Born cross section for e + e − → W + W − bb as obtained with MadGraph/MadEvent [41] . The comparison yielded that the remainder terms are below 5 fb for invariant-mass cuts ∆M t ≤ 35 GeV, and hence were neglected given the theoretical precision goal aimed at in [37] . This approach is currently not feasible at NNLO, where no external tools exist to determine the remainder terms, and the α scorrection to the coefficient functions of the four-electron operators must be determined by the methods described in the present paper. Also, the present method allows us to consider very loose cuts with Λ ∼ m t up to the total cross section. On the other hand, assuming that there is no kinematic or dynamical enhancement in the QCD corrections to the remainder contributions, part of the α s -corrections to the non-resonant contributions has already been analyzed in [37] , again for intermediate-sized cuts, which in our approach correspond to NNLO contributions not yet known.
We have checked that the expansion of our result (13) 
whereas the on-shell Weinberg angle c w = M W /M Z and the fine-structure constant in the
w /π, are derived quantities. Tree-level amplitudes generated by MadGraph implement the fixed-width prescription for the top-quark propagator. For the numerical value of Γ t we use the Born formula (15) in both MadGraph and the EFT predictions, thus neglecting α s -corrections to the top-width value. MadGraph uses a finite bottom-quark mass whereas we neglect it in the EFT calculation.
In Figure 3 we analyze the invariant-mass cut dependence of the e + e − → W + W − bb Born cross section calculated at s = 4m line is the NNLO EFT approximation to the full Born result, given by
The first term on the right-hand side is the LO cross section (6), with the QCD radiative corrections switched off (i.e. setting α s = 0). At s = 4m 
P -wave is generated by the matrix element of the production (decay) P -wave operators, which are v-suppressed with respect the leading S-wave operators (3). It reads
with
and
the P -wave component of the free Green function at zero distance that can be obtained by setting α s = 0 in the MS-renormalized expression for the P -wave Coulomb Green function [14] . The term σ
bil originates from the effective-theory matrix elements with a single insertion of the NNLO corrections to the bilinear quark terms in the non-relativistic Lagrangian, δL = 1/(8m
2 ψ t , and the corresponding anti-quark terms. Written as corrections to the zero-distance Green function, it reads
where δG (2) kin , δG
Γt and δG 
The terms δG
Γt and δG are pure electroweak contributions. While the former corresponds to the lifetime-dilatation correction studied in [31] , δG Γ 2 t has not been considered so far among the NNLO electroweak corrections. Numerically, the latter term is rather small. Note that δG (2) Γt can be obtained by replacing m t → m t − i Γ t /2 in (6) and expanding to first order in the correction; similarly, δG (6) and the first-order expansion in the correction. In both cases, only the term with α s = 0 is needed for comparison with the Born cross section. The last term in (21), σ (2) abs , arises from the absorptive parts in the matching coefficients of the production operators O p that were determined in [31] . It reads
with G , respectively). 4 The term σ (2) abs reproduces the interference of single-resonant and double-resonant e + e − → W + W − bb diagrams in the kinematic region where both bW + andbW − have invariant masses of order m t . Within the threshold expansion [42] , these contributions arise from precisely the cut diagrams h 1 -h 4 in Figure 1 , but with one hard and one potential loop, the latter corresponding to the loop containing the top and anti-top propagators. Let us recall that for the non-resonant contributions the two loop momenta have to be taken as hard, so the absorptive parts in C Already for values of the invariant-mass cut ∆M t 5 GeV ≈ 3.5 Γ t we find an excellent agreement between the full-theory Born cross section computed with MadGraph and the effective-theory prediction for loose cuts. To account for invariant-mass cuts in the range ∆M t Γ t we need to implement the tight-cut prescription in the effectivetheory calculation. This is done in the upper solid curve of Figure 3 , which is obtained by introducing the proper step functions into the one-loop cut integral of the LO effectivetheory result. Precisely, the LO tight-cut prediction reads
which we evaluate at E = 0 for the result displayed in Figure 3 . We see that this expression agrees well with the full Born cross section for very small ∆M t . The agreement could be extended to larger values by implementing the cuts in the NNLO terms, but we do not pursue this here. Finally, the dashed curve corresponds to the α s = 0 NNLO formula with invariantmass cuts obtained in [37] (not including the remainder contributions), which contains the same NNLO pieces as our result (21) but for δG Γ 2 t . As mentioned before, the pieces depending on the invariant-mass cut in the formula in [37] match the leading and subleading terms of the expansion in Λ 2 /m 2 t of our NLO non-resonant contributions, and the two results should therefore agree well when ∆M t ≪ ∆M t,max . Figure 3 demonstrates this and also shows that as expected, the difference between our result (solid blue line) and the formula from [37] increases with ∆M t : at ∆M t = 35 GeV it amounts to about 4 fb, while for the total cross section (∆M t,max ) it reaches almost 9 fb, which roughly agrees with the size of the single-top non-resonant contributions, that are not accounted for in the phase-space matching approach.
As mentioned above, Figure 3 shows two sets of MadGraph points. The red triangles represent the complete tree-level cross section. They agree with our effective-theory prediction for loose cuts ∆M t 5 GeV, but for ∆M t 40 GeV and for the total cross section they rise to values of up to 3 fb above our result. This small, but visible difference is mostly due to diagrams with intermediate Higgs lines which account for 2 fb of this difference. Eliminating the Higgs diagrams from the MadGraph amplitude gives the blue dots which agree with the effective-theory result also for large ∆M t within the statistical uncertainty of the MadEvent integration. The Higgs contribution originates almost exclusively from phase-space regions where the bb invariant mass is close to the Higgs-mass value M H = 120 GeV, i.e. from on-shell Higgs bosons decaying into a bb pair. Despite the smallness of the bottom Yukawa coupling, such diagrams can yield sizable contributions because the Higgs width is small and the branching fraction of H → bb is large (about 70%). The distribution of the Higgs contributions with respect to the invariant masses of the bW + orbW − pairs is relatively broad, while the same invariant-mass distributions of the contributions with (anti)top lines are sharply peaked around the top mass. This explains why the Higgs contributions are only visible for very loose or no cuts. Such small contributions from Higgs diagrams constitute a reducible background which can easily be eliminated by cuts on the bb invariant mass when one is only interested in the tt resonance region. This justifies that we have not considered contributions from nearly on-shell Higgs bosons in our effective-theory approach although they formally count as NLO contributions as explained in Section 2.2.
The energy dependence of the effective-theory prediction (21) for the total cross section (upper panel), ∆M t = 15 GeV (middle panel) and ∆M t = 5 GeV (lower panel) is shown in Figure 4 in the interval √ s = (334, 354) GeV. The blue dots correspond to the full-theory Born W + W − bb cross section, while the solid (blue) line is the corresponding prediction at NNLO from the unstable-particle effective-theory. For the total cross section the tiny difference between both results is mainly due to the Higgs contributions explained above. The agreement improves for smaller values of ∆M t , as seen in the middle panel of Figure 4 . For ∆M t = 5 GeV the effective-theory expansion quickly degrades as we move away from the threshold. This is evident below threshold, where Figure 4 : NNLO EFT approximation to the Born W + W − bb cross section with (solid blue line) and without (dotted black line) the NLO non-resonant contributions as a function of the centre-of-mass energy. Upper, middle and lower panels correspond to ∆M t = (∆M t,max , 15, 5) GeV. The (blue) dots are the full-theory result computed with MadGraph, and the shaded band is the statistical uncertainty of the MadEvent integration. the effective-theory result becomes negative. The large negative shift of about 24-39 fb for the total cross section given by the NLO non-resonant contributions is clearly seen in Figure 4 once we draw the NNLO effective-theory result without the non-resonant contributions (dotted line). The shift becomes larger as we tighten the invariant-mass cut, up to 38-48 fb for ∆M t = 15 GeV.
Final results
In this section we compare the size of the NLO non-resonant and QED corrections to the LO effective-theory approximation (6) for the e + e − → W + W − bb cross section. This now includes the summation of Coulomb corrections proportional to (α s /v) n to all orders in the strong coupling, which produces the characteristic peak structure in the top anti-top resonance region. As mentioned in Section 2.2, we do not discuss the pure NLO QCD corrections, which have already been studied in the literature. Moreover it is known that the NLO QCD corrections are rather large (and negative) and cancelled to a large extent by the NNLO QCD corrections [6, 7, 8, 9, 10, 11, 12] . Hence the conclusions that can be drawn by comparing the electroweak corrections with the NLO QCD corrections may not be valid once higher-order QCD corrections are considered. For the results in this section we choose α s (30 GeV) = 0.142 for the value of the QCD coupling that enters in the LO Coulomb Green function. The relative sizes of the NLO electroweak corrections with respect to the LO result are displayed in Figure 5 .
The upper (blue) solid line shows the ratio σ QED is obtained as
The QED contribution represents a correction of about 2% above threshold and rises to a maximum of 7% just below the peak. The lower (red) solid line is obtained as the ratio σ
tt (in percent) with ∆M t set by the kinematic bound. The nonresonant contributions give a constant negative shift of about 3% above threshold. Below threshold the relative size of the non-resonant corrections is very large, since the LO result rapidly vanishes, reaching up to 19%. Hence below threshold they represent the leading electroweak correction to the total tt cross section. The sum of both NLO electroweak corrections compared to the LO cross section is shown in the middle solid (black) line. We observe a partial cancellation of the QED and non-resonant corrections in the peak region and at energies above. A sensitivity to the invariant-mass cut ∆M t in the bW + and bW − subsystem enters first at NLO through the non-resonant contributions. Restricting the available phase-space for the final-state particles by tightening the invariant-mass cuts ∆M t makes the non-resonant contributions even more important. This is shown by the dashed lines in Figure 5 , corresponding to ∆M t = 15 GeV, for the relative size of the non-resonant correction (lower dashed line) and of the sum of the two electroweak corrections (middle dashed line). Aside from the pure QCD corrections, the effective-theory NLO prediction for the e + e − → W + W − bb cross section is displayed by the solid lines in Figure 6 . The upper panel corresponds to the total cross section and for the lower panel ∆M t = 15 GeV. The absolute size of the non-resonant correction is given by the difference between the dashed lines, which only include the QED NLO correction, and the solid ones. These negative shifts amount to 27-35 fb for the total cross section and 39-46 fb for ∆M t = 15 GeV for √ s in the interval (338, 350) GeV.
Summary
We presented an analysis of the e + e − → W + W − bb process in the top anti-top resonance production region √ s ≈ 2m t extending the methods developed in [34, 35] for W -pair production to the more complicated case of top quarks. Our result may be considered as the first complete NLO calculation of top-quark pair production near threshold, when the top width is accounted for, which necessarily requires to consider the final state W + W − bb for consistency. The result is valid for the total cross section and with invariant-mass cuts on the W b systems as long as the cut ∆M t is significantly larger than the top width. We also included the case of tight cuts in the comparison with the full-theory Born cross We find that the non-resonant contributions reduce the cross section in the top antitop resonance peak region by up to 5%, which is relevant in view of the high-precision top mass and width determination anticipated at the ILC. In the energy region below the peak the non-resonant correction is significantly larger, since the resonant contribution rapidly decreases with energy, while the non-resonant one is nearly energy-independent.
These conclusions agree with the recent work [37] . The approach pursued in the present paper allows us to extend them to the case of the total cross section and rather loose cuts, and it also determines the full non-resonant background within the effective theory approach rather than using external information. The final numerical result turns out to be dominated by the off-shell contribution from the double-resonant diagram h 1 , but only due to a large cancellation within classes of other diagrams.
Our work provides a step towards predictions including consistently the top width in effective theory calculations of tt production, more precisely W + W − bb production, near threshold also in higher orders in the expansion in α s , α EW and δ ∼ v 2 . Going to higher orders will eventually be required to cancel the finite-width divergences that appear in the NNLO and N 3 LO pure QCD calculations that are already complete or near completion. + with
